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Abstract

We introduced and investigated new subclasses M2 (1., S.¢(z.1)) and Q= (f. ., 5.¢(2.1))

of bi-

univalent functions defined in the open unit disk, involving the probabilities of generalized distribution

and generalized polylogarithms subordinate to Chebyshev polynomials. Furthermore, we determined the

estimates on the Taylor-Maclaurin coefficients ‘%‘ and‘%‘ for the functions in the new subclasses

introduced here. Also, we used these estimates to established the relevant connections to classical

Fekete-Szego estimate. Several presume new consequences of the results were also established.
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Introduction

Let A represents the class of function F(Z)
analytic in the open unit disk E = {z: |z]| < 1}
which has the Taylor series expansion of the
form

fle)=z+a,Z’+aZ’+ ..., (1)
and also normalized with f(0) = f(0) - 1 =0.
Denote S to be the subclass of A consisting
of univalent functions in E. Subsequently,
denote S* and Cto be subclasses of Swhich
are starlike and convex, respectively, in the
unit disk E. For formal definitions (including
analytical) of the starlike and convex
functions and other insights on them, refer
to (Duren, 1983 and Goodman, 1983).
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By the Koebe one-quarter theorem in Duren
(1983), we know that the image of E under
every univalent function f <4 contains the disk
with center in the origin and radius Y.
Therefore, every univalent function 74 has
aninverse f'defined by

@) =2 (z€E)

i w))=w (] <r,()r(f)=1). )
It is easy to see that the inverse function has
the form:
glw)= /7 (w)= woap? + (267 —a, ' =[5 ~ S0, +ayp? +... (3)
Afunction f =4 is said to be bi-univalent in Eif
both f{z) and f’ (z) are univalent in E and is
usually denoted by .

Literature shows that Lewin (1967) started
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the class of bi-univalent functions and he
actually proved that the modulus of second
Maclaurin Taylor coefficient |a,| < 1.51.
Thereafter, Brannan and Clunie (1970) and
Netanyahu (1969) asserted that modulus of
a,islessorequalto:and 4/3 respectively.
For a brief account and absorbing examples
of functions in the class £ can be found in
the breaking new ground work of Srivastava
et al. (2013), which has evidently renewed
the study of bi-univalent functions while
ago. Actually, since the work of Srivastava et
al. (2013), a colossal overfill of papers have
surfaced and are still surfacing in the
literature dealing with various subclasses of
the bi-univalent and other related function
classes. For more on bi-univalent, see
(Awolere and Oladipo, 2019; Guney et al.,
2017; Li al., 2015;
Murugusundaramoorthy and Janani, 2015;

et

Murugusundaramoorthy, 2015; Porwal,
2018; Laxmi and Sharma, 2017; Srivastava
etal.,2010 and Srivastava et al., 2015).
Chebyshev polynomials play vital role in
numerical analysis. In literature the most
books and research articles related to
specific orthogonal polynomials of
Chebyshev family contain essentially
results of Chebyshev polynomials of first
and second kinds in log and Un(x) and their
very many uses in different applications, see
(Doha, 1994; Awolere and Oladipo, 2019).

It is well-known that the most kinds of
Chebyshev polynomials are first and second
kinds and in case of variable xon (-1, 1), the
first and second kinds are defined by
Tn(x) = cos n6

sinln+1)8
sin@

(4)

U,(x)=

" ()
where n denotes the degree of the
polynomial and x cos 0. Chebyshev
polynomials of the second kind have the
generating function of the form
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I = sin(n+ ])6’_,;. (6)

=1 -
siné@

—LXZ+Z"

H(z,t)=
(2.1 |

k=1

We note thatift=cos 6,0 = lf % ; % l then

oo

1
— .
1—2cosBz+z2 Z

k=1

sin(k +1)8 |

H(z.1) = sin@

=1+U,(t)z + U,(t)z%+..... (z=E, ¢ =(=11))

where

sinlk arc cost) r

Ui = [ ‘\
vi=t-

k-1

o (7)

is the Chebyshev polynomial of the second
kind. We also noted that

U t)=2tU., (t)-U. (t) (8)
So that
U,(t)=2t, U, (t)=4t—1,U,(t)=8t 4t 9)

Very recently, Porwal (2018) introduced and
studied generalized distribution and its
geometric properties associated with
univalent functions which he represented by

-]

l\'cl:)::+z

k=2

Qi) _k
5 ° (10)

where -*'—ifurua 0. Other related work on
function of the form (10) can be found in
Oladipo (2019a).

Also, Al-Shagsi and Darus (2008) generalized

Rusheweyh and Salagean operators as

w  KkM(k+i-1)1
et ke, - 2"

11
Al(k—1)1 ! (11)

where (meN)={0,12,...}, z€E. We note that
the derivative operator 127 /(=) incorporated
two operators. If A = 0, the operator reduces to
Salagean differential operator and if m = O the
operator will reduce to Rusheweyh operator.
Now, we recall from Fadipe et al., (2018) the
function

f,z)=z+ i;'(ﬁ a,z"*,
k=2

2

(12)
where ',,(5]:]‘('_‘_ and s is real is the
modified sigmoid tunction. Functions of the
form (12) belong the Class Awhere A= A.

By (4) and (6) we let
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parameters A, 6, S and suitably fixing the

o™

K _(z)=2 Z [\)”* =2 (13) values of m in Definition 1, we presumably
k=2 introduce the following new subclasses of £ as
By (11) and (13) using convolution or listed below.
(Hadamard principle) we defined Remark 2: Supposingf(z) € £ and / £(-L1),
K™ (k+6-1)! ax-y _x  (14) then we represent

D™f(2) =z + Zi, y()—*z",

Alke—1)!
(1) ME (0, 7(s),lz,1)) = ST, bl z.1) ()
(2) MZ(1,8,7(s),lz.1)) = C2(B..plz,1 ) 7(5))
s is real. For more 1ns1ght on these see _ : :

3) M0, 8, (2.1 ). v(s)) = S2(8,.8(z.1)y(5))

(Fadipe-Joseph et al., 2013; Gbolagade et - p - - (19)
(4) ML, 8, ¢z, ). 7(5)) = C2(8.,dlz.1)(5)

.
whered, 1 N Un)and s 7<u fs)=r—s20 and

al.,2014).
Further for functions g of the form (3), we due to (Guney, etal., 207).
defined \ We defined the following new subclasses
D'g, | 3%—“—3}\1" e (15) involving generalized polylogarithm in
: = S Oladipo (2019b) and probabilities of
where generalized distribution in (Porwal, 2018).
_Kk+a-bt o suchthat 4, =(1+8)2" Definition 3: Forasfsland f €(-L1) a
Ahy=l) function / € Z of the form (1) is said to be in
3" (1+8)2+8) (16) the class @+ (4,8, y(s).¢(z.1))  if the following
2 ' subordination holds:
and we consequently introduced two new (1- ﬁ')w+ ,8({);‘ ﬁ,(z))r < @(z,t) (20)
subclasses of bi-univalent functions. 1-p % LB ( D" g, (W) )’ < p(w,0) (21)

Motivated by recent works of Guney et al.,
(2017) on bi-univalent functions involving =~ Remark4:Letf(z) € Zand / =(-11).  then
Salagean operator and that of Altinkaya and we represent

Yalcin (2016), we introduced two new (1) F2(0,8,y(5).¢lz.1)) = BL(6, y(s).lz.1))
subclasses of ¥ associated with Chebyshev (2) FILE. p(s)plz.))= K28, ().l z,1))
polynomial whose polynomial are (3) F2(B, 6,,7(s),4(z.1) = S2(8,6,y(s),4(z.1)) (22)

coefficients of probabilities of the (@) F2(1, 0,7(s), (1)) = R2(8, 7(s).Hz.1))
generalized distribution and obtain the ) _ . - ,
initial Taylor coefficients | forthe  Theorem 1:Let/ €Mz (4.8.5.7(s).4(2.1)) then

o

function classes defined via subordination ‘— <

Ty
aivar
s 2axg o= 2p pls)-(# =i+ 2070+ D" + 2wl = AP (<17 #7(s)

principle. 2
sas a; | 2t |, 2f
Definitions and Lemmas sIT 2 ae A Nis0)ls)) 371+ 22X1+0)0+2)(s)
Definition 1: For O< A < 1 and ¢-1,1) a
function f X of form (1) is said to be in the Proof: |F rom Deﬁnitions 1 and 3, we have
classMZ(A.6.y(s).élz.r)) if the following |1-fz\f!'),‘_”{:_"'ll+/ A ”HJ] V()< U002+ (29)
subordination holds: .
(17) (1- D “ [/) ‘D"’ 2. |w) <0 |“: ) U (‘_”-:l ) (26)
1 E(2) *25(2) A A e 2 Wik
s <
(1 ;1) foy() +’19’"+1f{) p(z,t)
18 In the light of (25) and (26), we have
(- )Ee G0 g, O g .| .
gy(w) Dj 1+ 1+ A4, Lz +| 201+ 22)4, 2~ (1+32)4] =4 |22
where z,w £ T and gis given by (3). oL ! '

We observe that by specializing the +...:l+U(.f](“.:+[tf,ir](“,+L-",(r)("f]::
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and

1= (14 4)4, 2w+ 1[(84 + 4)4, - (34 *ll.~1:]a—]:72ilAf-lz.J.'Li:wr:
. o 5

.= 12U (1) Cw+ [U,(1)C, +UL() C]w=.. (28
Thus, the following relation was obtained by
equating the power of z's

(1+2)4, 2 = U, (0)C, (29)
S

2
21+24)4, 2 —(1+32)42 = U, (1)C, + U, (1)C? (30)

5 7

o o il e
A==l (31)
1-(1+ }.4_.%- [i8; ~4)a,- (3 + ||4;::—f-:||-2.:, I4, 'TI =U(1)d, =, (1)d} (32)
C1 = 'dl (33)
\2 7 13 2 | 2
21+ 2) 28 U (o)[c? +a?] (34)
s

Adding (30) to (32) and using (33) and (34),
we obtain
a; vine, +4,]

L (35)
s o2+ 2204, —(1+32)42 R - (1+ 2F 420, ()]

By applying Lemma 1 to the coefficients C,
and d, and making use of (9) we have

) U[C, +4,]

22 100+ 28 #(s)- (2 45 2125 (0+ D + 21+ 2P (0417 7Gs)

a,

5

By subtracting (32) from (30) and using (33)
and (34), we get
v(nlc? +a?| U e, -4,] (36)

a.
s (s af(-e) 201+ 22)1-8)@+ 2"

Applying Lemma 1 once again to the
coefficients together with (9), we get
a, _[ 2 ]2 . 2

2" (1+2)1+0)(s))  3™(1+22)1+@)0+2)y(s)
By takingA=0orA=1and f € (0,1), onecan
easily state the estimates ‘% for the
function classes M ”
Remark 6: Let / € M2 (m, 1,6, 7(s).¢(z.1))
‘ﬂl“' : ! 202t i __ _

st JI(1 + 8)(8 + 2)3my(s) — 22m+1(g + 1)2y2(s)]4t2 + 22m(8 + 1)7y2(s)|

2t
3m(1+8)(6 + 2)y(s)

Remark 7: Let = .U;' (m.1,86, 7(5),¢lz,1 )

8

and

a,
5

2
|%| = (_zmu +L.9)y(5))

ay

s
v

-
2t

i1+ X+ 2)pls)- 2273 (8 + 1) 3 (s s vzl‘"-iuwr‘;x:h*
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2t

N6+ 2)y(s)

a, t

(1+8)y(s) | g

<\ 3

A

Corollary 8: Let [ = MZ(A,0,m.7(s)) then
. 2.'\,’?

“Ji+2aKe- )0+ 257 ~(2 + 52+ 2027 (1 + 8F Jir? 4 27(1+ AV (14 6F
| bJ | pJ

s i 271+ A1 |H’I|7 3 (1+24)(1+ @)@+ 2)

5

Corollary 9: Let [ = MZ(0,8,5,7(0),¢(z,1))then

1 P 21\/3

s ‘\,’i‘[(l 88+ 23" =22 (9 + ].]2}412 £2(1+ 9]21
a, | 2t 1$ 2

s|7lam1+8))  3"(1+6)e+2)

Corollary 10: Let f € MZ(0,0.5, »(0),@(z.1)) then

a| 2132t
2 a J‘[}.Am 723»1—] ]_.“3 G 23!}:
a,| 4
5 - 23m 3m
9| 47t
s - 4:!: 3:11
Corollary 11: Let [ ."UE'(].O. S, 7(0),¢(z,1)) then
a| 2t
5 - ; m+| m=3 |2 2m
JBmi2-2m ) +2
a,| t? !
s - _l_m 3m-|

Corollary 12: If /= M2(0.0,5,7(0),¢(z.1)) we get

a —

—L < 2¢/2¢
s

a, N
=<4t +1
Y

Corollary 13: If & MZ(1,0,5,7(0).d(z,1))we get

a, I 21
S T
S a-se]
a !
iy if’ 4 —
K 3

221

‘_- B Vf|[(| L2408+ 108 =21 2 (14 gV (1408 Pt + 22 (14 ) (14 6) #0s)

2t

1+ BN +8&)(

L

=<

~

4r
=281 +e)X1+8)(x)

“‘_‘+
~) )

Proof: The prove follows the Theorem 1.
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Fekete-Szegdé inequality for the Function
classes M™(A,8, y(s).¢(z,1)) then

Theorem 3: Let f & MZ(A.8, #(5).5.4(z.1)) and i € R. Then one has
1 5

a—'—u % :‘-—’.lﬂ—” =M
§ s 3M(1=2201+8 2+8)p(x)

l- i’

[3“4 P 2201+ €N2+ @) p(s) - 2220 + 54+ 214 8) (s HeF < 214 2V (14 €)' s

Ju=1 =M
e

where

[2*‘"'(1 + A (+ e]%ﬁm]m’ +3"(14 221+ O)(s)- 22" (22 + 54+ 2)1+ e]z;::(q
1

3142401+ 62+ 8)xls)

Proof: From (29) and (36)

| 1 |
=U I c,
’l"} A T WYY (W T g i
ll‘ l ‘.‘I
+| Alp)— d,
" T 2= e ) ) }
where
e (1=l
U2t 8N+ 8)ris - 21+ 321 K1+ 6 DRO- 20+ A (14 67T

Then, by Lemma 1 we conclude that
[ (—wiite) 1

3™ (1+8N2+8) p(s)

0= g2 |- T

- ‘ 4r|i-\ AL B !

2314240148228 )pis)

| 22m(1+2201+8)ls)

Taking u =1, we have the following corollary
Corollary 14: Let [ = jfg'(/{_f). ;f{_\- ) g}{:,,’ )) then

2

1”_‘ c?l
TAM(1+24)1+0X2+8)(s)

[+ 7]
Corollary 15: Let [ = MZ(0,8,7(s).¢lz,1)) then

2t

|ay
TAm(1+8)2+8)7(s)

‘;1—1|'_.\.’,

‘.9 st
81— 4
[+ 802 = @nrisi- 2=+ 8 s e = 2= 0
Where
[+ 87 (e + 371+ 8)(2 < B)rts) - 22 1+ 8F ()
M, =
: 31+ e)2+8)ls)

=1z M,

Theorem 4: Let fgiven by (1) be in the class
FE(B. 7(5).60) and ¢ = R then

a, a 4
- = — Je-1]=
5 5 3"(1+28K1+8)2+8)ys)
|[1-,-3fc1+1-‘:-'::'-\]41-‘4.-;1-3'1?\3' (1 +8K2+8)Ms) -1+ BF(1+ 8 22", :-)|
2737142801+ 8h2 + 8)xls)
81— g1’
- e - - — 1=l
273 1= 2801 802+ &l )= 11+ P (1487 27 ()7 01+ P (126 277 (5]

Corollary 19: If [ F"(f, (5).6) and | € R then

4t
C 3142801+ 6)2+8)y(s)

a, dy

L 5
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Corollary 20: If [  ['(0, (s5).6) and ¢ € R then

a, . a 4t
——@¢— = v g )
5 Ol 3"(1+802+8)(s)
|[(1'm’;ﬂ;n}ulvz" 37 (1 @2+ 6) p(s)-(1+8) 22" »2(s)
p-1 =
¢-1 273" (1+6)2+6)7(5)
/- g
fod’ o1z
[ 3m 0+ oX2+6)ys)- (1+.6Y 27 (s )’ + 1+.8Y 2 (s

Corollary 21: If /€ [7°(0, #(5).0) and ¢ € R then

a, a? 2 |[;’:[s )]4.': +_‘-‘ls)—;':ls1
A Ts ‘a‘i—l|;-
$ 5? 7is) 7s)

gl1-ule? ; 2(s)]4t2+y(s)-y2(s)

l1-pl .|cp—1\2”y 4t=+yis)-r2(s)|

v ENat+r26)] ¥(s)
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